Abstract The Fock-Bargmann-Hartogs domain D n,m in C n+m is defined by the inequality w 2 < e − z 2 , where (z, w) ∈ C n × C m , which is an unbounded non-hyperbolic domain in C n+m . This paper mainly consists of three parts. Firstly, we give the explicit expression of geodesics of D n,1 in the sense of Kobayashi pseudometric; Secondly, using the formula of geodesics, we calculate explicitly the Kobayashi pseudometric on D 1,1 ; Lastly, we establish the Schwarz lemma at the boundary for holomorphic mappings between the nonequidimensional Fock-Bargmann-Hartogs domains by using the formula for the Kobayashi pseudometric on D 1,1 .
Introduction
Let C n be the n-dimensional complex Hilbert space with the inner product and the norm given by z, w = n j=1 z j w j , z = ( z, z )
Carathédory pseudometric on D coincide (see [16] ). In this case any K D -geodesic for some (z, ζ) with ζ = 0 is called a complex geodesic (see [25] ) also. In 1994, Pflug-Zwonek [22] considered complex ellipsoids ε(p) (a class of weakly pesudoconvex domains) defined by ε(p) := |z 1 | 2p 1 + . . . + |z n | 2pn < 1 ⊂ C n , (n ≥ 2)
where p = (p 1 , . . . , p n ) with p j > 0 (1 ≤ j ≤ n). It is well known that the complex ellipsoids are taut domains, and, they are convex if and only if p j ≥ 1 2 for j = 1, . . . , n. Moreover, ∂ε(p) is C ω and strongly pseudoconvex at all boundary points z ∈ (∂ε(p)) ∩ (C * ) n (where C * = C\{0}). Pflug-Zwonek [22] gave a necessary condition for K ε(p) -geodesic in complex ellipsoids for all p j > 0 (1 ≤ j ≤ n) as follows.
Theorem 1.1 (see [22] ). Let ϕ : E → ε(p) be a K ε(p) -geodesic for (ϕ(0), ϕ ′ (0)) with ϕ ′ (0) = 0, where ϕ j ≡ 0 (1 ≤ j ≤ n). Then we have
where B j (λ) is the Blaschke product and α j , α 0 , a j fulfill the following relations a j ∈ C * , α j ∈ E (1 ≤ j ≤ n) and α 0 ∈ E,
Moreover, if p j ≥ 1 2 for some j, then we can choose either B j ≡ 1 or B j (λ) = λ−α j 1−α j λ with |α j | < 1. Additionally, if |α j | < 1 for all 1 ≤ j ≤ n, then either B j ≡ 1 or B j (λ) = λ−α j 1−α j λ for all j = 1, . . . , n.
Also they proved the geodesic is almost proper (refer to [22] ), that is, Corollary 1.2 (see [22] ). Let ϕ : E → ε(p) be a K ε(p) -geodesic for (ϕ(0), ϕ ′ (0)) with ϕ ′ (0) = 0. Then ϕ * (∂E) ⊆ ∂ε(p) where ϕ * denote the boundary value of ϕ.
In 1992, Blank-Fan-Klein-Krantz-Ma-Pang [3] delivered an effective formula of the Kobayashi metric in the convex ellipsoids ε(p) for p = (1, m) (i.e., m ≥ 1/2). By using the condition for K ε(p) -geodesic (i.e., Theorem 1.1), Pflug-Zwonek [22] obtained the formulas of the Kobayashi metric in the non-convex complex ellipsoids ε(p) for p = (1, m) (i.e., m < 1/2) in 1994.
The Fock-Bargmann-Hartogs domain D n,m is defined by
The Fock-Bargmann-Hartogs domains D n,m are strongly pseudoconvex with smooth real-analytic boundary. We note that each D n,m contains {(z, 0) ∈ C n × C m } ∼ = C n . Thus each D n,m is not hyperbolic in the sense of Kobayashi and D n,m can not be biholomorphic to any bounded domain in C n+m . Therefore, each Fock-Bargmann-Hartogs domain D n,m is an unbounded non-hyperbolic domain in C n+m . As we know, in the case that a domain in C n is unbounded, or more generically, non-hyperbolic strongly pseudoconvex (in the sense that the Levi form for the defining function is strictly positive for each boundary point, see section 2.1 in [14] ), we can no longer expect that the geometric and analytic properties of the domain is as good as in the bounded case. Therefore, the study of Fock-BargmannHartogs domain D n,m attracts lots of attentions recently. Yamamori [28] gave an explicit formula for the Bergman kernel of the Fock-Bargmann-Hartogs domain D n,m in terms of the polylogarithm functions in 2013. In 2014, Kim-Ninh-Yamamori [13] determined the full holomorphic automorphisms of the Fock-Bargmann-Hartogs domain D n,m and it turns out that the automorphism group is noncompact and the domain D n,m isn't homogeneous. In 2015, Tu-Wang [24] proved the rigidity of proper holomorphic mappings between two equidimensional Fock-Bargmann-Hartogs domains, which implies that any proper holomorphic self-mapping on the Fock-Bargmann-Hartogs domain D n,m with m ≥ 2 must be an automorphism. In 2016, Bi-Feng-Tu [2] obtained an explicit formula for the Bergman kernel of the weighted Hilbert space of square integrable holomorphic functions on D n,m , and furthermore, use the explicit expression to prove the existence of balanced metrics for a class of Fock-Bargmann-Hartogs domains.
Recently, Kim-Yamamori-Zhang [14] studied the invariant metrics on D n,m , and obtained the Bergman and Kähler-Einstein metrics on D n,m are metrically equivalent, and, determined the comparisons among the Carathéodory and Kobayashi pseudometrics on D n,m also. But, since Kim-YamamoriZhang [14] do not know the explicit form of geodesic on D 1,1 in general (see the appendix of [14] ), the Kobayashi pseudometric on D 1,1 cannot be calculated explicitly in Kim-Yamamori-Zhang [14] .
In fact, the K Dn,m -geodesics for the Fock-Bargmann-Hartogs domain D n,m are quite different from the bounded complete Reinhardt domains, such as [26] and [27] , or from the minimal ball in C n ( [21] ). However, by using the decomposition theorem for a mapping f ∈ H ∞ , f ≡ 0, and the equivalent definition for stationary (e.g., see [20] ), this paper gives all K D n,1 -geodesics on D n,1 are necessarily of the following form:
and
where r j ∈ {0, 1} and r j = 1 implies α j ∈ E. Moreover α j , α 0 , a j fulfill (3) and (4). As an easy consequence of Theorem 1.3 we get:
Then ϕ extends smoothly onto the closure E, and ϕ(∂E) ⊆ ∂D n,1 .
Next we will give the explicit formula for the Kobayashi pseudometric on the domain D 1,1 . Note that Kim-Ninh-Yamamori [13] completely describe the group of holomorphic automorphisms for the Fock-Bargmann-Hartogs domains D n,m as follows. Theorem 1.5 (see [13] ). The automorphism group Aut(D n,m ) is generated by all the following automorphisms of D n,m :
where U (n) denotes the set of the n × n unitary matrices.
Therefore, in order to find the formulas for the Kobayashi pseudometric on D 1,1 , it suffices to calculate the Kobayashi pseudometric for ((0, b), (X, Y )) (0 ≤ b < 1) by the invariance of the Kobayashi pseudometric under the automorphism.
In the case b = 0 or X = 0, we can find the formulas for the Kobayashi pseudometric for ((0, b), (X, Y )) (0 ≤ b < 1) as usual. But, in the case 0 < b < 1 and X = 0, we need much more calculations to find the formulas for the Kobayashi pseudometric for ((0, b), (X, Y )) (0 ≤ b < 1). To make the calculations simpler, we define
Then we have the formulas for the Kobayashi pseudometric as follows:
can be expressed as follows:
where µ(X, Y ) is the Minkowski functional of D 1,1 which is uniquely determined by
Additionally, we have
(ii) When 0 < b < 1, X = 0, then we have
where α, v satisfy
and β is the only solution of the interval (0, −2 ln b) for the equation
The classical Schwarz lemma gives information about the behaviour of a holomorphic function on the disc at the origin, subject only to the relatively mild hypotheses that the function map the disc to the disc and the origin to the origin. There are far-reaching generalizations of the classical Schwarz lemma, due to Ahlfors [1] and others (e.g., see Kim-Lee [12] and references therein). It is natural to consider various boundary versions of Schwarz lemma. There is a classical Schwarz lemma at the boundary as follows:
Moreover, the inequality is sharp.
Chelst [6] and Osserman [19] studied the Schwarz lemma at the boundary of the unit disk also. Burns-Krantz [4] , Huang [10] and Krantz [15] explored versions of the Schwarz lemma at the boundary point of some domains in C n . In 2015, Liu-Wang-Tang [18] gave a new type of Schwarz lemma at the boundary of the unit ball in C n as follows.
be the open unit ball. Let f : B n → B n be a holomorphic mapping, and the complex Jacobian matrix of f at a ∈ B n is denoted by J f (a) = (
Thus the real number λ is also an eigenvalue of
Moreover, the inequalities are sharp.
When n = 1 and z 0 = 1, Theorem 1.8 reduces to Theorem 1.7, which extends the boundary Schwarz lemma to high dimensions. By using the boundary behavior of the Carathédory and Kobayashi metrics on bounded strongly pseudoconvex domains with smooth boundary (see Graham [9] ), recently, LiuTang [17] established the new type of boundary Schwarz lemma for holomorphic self-mappings of bounded strongly pseudoconvex domain in C n . The similar result can be found in Bracci-Zaitsev [5] by using quite different method. Following the idea in Liu-Tang [17] , this paper will use our formulas for the Kobayashi pseudometric on D 1,1 to establish the boundary Schwarz lemma for holomorphic mappings between the nonequidimensional Fock-Bargmann-Hartogs domains D 1,1 and D n,m .
Actually, by the homogeneity of the boundary of D n,m under the automorphism (see Kim-NinhYamamori [13] ), we will fix the boundary points p = (0, 1) ∈ ∂D 1,1 and q = (0, . . . , 0, 1, 0, . . . , 0) ∈ ∂D n,m , i.e., z = (0, . . . , 0) ∈ C n and w = (1, 0, . . . , 0) ∈ C m . We give the boundary Schwarz lemma for holomorphic mappings between the nonequidimensional Fock-Bargmann-Hartogs domains as follows.
be a holomorphic mapping and holomorphic at p with F (p) = q. Then we have the result as follows. 
where · op means the usual operator norm.
Remark. When n = 1 and m = 1, Theorem 1.9 can be obtained by Propostion 1.1 in Bracci-Zaitsev [5] .
Our paper is organised as follows. Firstly, we will give the necessary forms of the geodesic for D n,1 in the sense of Kobayashi pseudometric; Secondly, using this forms, we will calculate explicitly the Kobayashi pseudometric of D 1,1 ; Lastly, we prove the Schwarz lemma at the boundary for holomorphic mappings between the nonequidimensional Fock-Bargmann-Hartogs domains by using the formulas for the Kobayashi pseudometric on D 1,1 .
2 The geodesic for D n.1
Although D n,1 is an unbounded domain, we can also obtain a similar result of Lemma 8 in [22] as follows:
where B(λ) is a Blaschke product and A(λ) is a nowhere vanishing function from H ∞ (E).
(2) Moreover, let Z be the zeros of B(λ) and denote Z a subset of Z. Let us associate Z with the Blaschke product B. Consider the following mapping
Proof. Since ϕ = (ϕ 1 , . . . , ϕ n+1 ) : E → D n,1 implies that |ϕ n+1 (λ)| < 1. Hence ϕ n+1 (λ) ∈ H ∞ (E). Therefore, we get the conclusion (1) in Lemma 2.1 by the decomposition theorem (see [7] ). Now, we will give the conclusion (2) in Lemma 2.1. We firstly prove that ϕ(E) ⊆ D n,1 . We do the proof by repeating inductively the following procedure. We divide ϕ n+1 (λ) by the Blaschke factor assigned to a zero Z\ Z. We proceed so till we have exhausted all the set Z\ Z. That means ϕ can be obtained by the above procedure. Let ρ be a subharmonic function defined by
In view of the maximum principle for the subharmonic functions applied to the composition of the mappings obtained from ϕ after a finite number of steps of the above mentioned procedure with ρ, consequently the limit function of the composition is not larger than 0. We can see that this composition is not larger than 0 on E. That means ρ • ϕ ≤ 0 on E. Since ϕ is non-constant and D n,1 is strongly pseudoconvex, it follows that ρ • ϕ < 0 on E.
If ϕ is not a K D n,1 -geodesic for ( ϕ(0), ϕ ′ (0)), then there exists a map ψ = ( ψ 1 , . . . , ψ n+1 ) such that
Consider the mapping ψ = (ψ 1 , . . . , ψ n+1 ) where ψ j are defined by
It follows
and moreover ψ(E) ⊂⊂ D n,1 . This contradicts the fact that ϕ = (ϕ 1 , . . . , ϕ n+1 ) : E → D n,1 be a K D n,1 -geodesic for (ϕ(0), ϕ ′ (0)). Lastly, we prove that ϕ ′ (0) = 0. In fact, if ϕ ′ (0) = 0, then the map φ(λ) = (φ 1 , . . . , φ n+1 ) where
is also a K D n,1 -geodesic for (ϕ(0), ϕ ′ (0)). However φ(λ) ⊂⊂ D n,1 . This is a contradiction.
Using Lemma 2.1, we can explicitly describe the K D n,1 -geodesic as follows.
Proof of Theorem 1.3. Firstly, by Lemma 2.1, we know that ϕ is a K D n,1 -geodesic for ( ϕ(0), ϕ ′ (0)) where ϕ(λ) = (ϕ(λ), A(λ)) and A(λ) is nowhere vanishing function under the condition that ϕ is not a constant. Now we consider the following map
where Ω is defined by
Otherwise, there will be a mapping
Combined with the definition of g(λ), it is not hard to see that the map
maps E into D n,1 . A simple computation implies that
and f (E) ⊂⊂ D n,1 , a contradiction. Now we consider the new mapping h(λ) = (h 1 (λ), . . . , h n+1 (λ)) derived from composition g with the Möbius transformation, that is,
Then h(λ) is a K B n+1 -geodesic for (h(0), h ′ (0)) with h ′ (0) = 0, where B n+1 ⊆ C n+1 denotes the open unit ball. So we get that
by Theorem 1.1, where r j ∈ {0, 1} and r j = 1 implies α j ∈ E. Here α i , a j satisfies (3) and (4). Thus, for 1 ≤ j ≤ n, we have
It follows that
If ϕ is a constant, then we can also derive same expressions with some parameters equaling to 0. Then it remains to determine the formula for the Blaschke product B(λ) in ϕ n+1 .
In order to determine the formula for the Blaschke product B(λ) in ϕ n+1 , we will use the notation "stationary" to complete our proof. In the sequel, we mainly focus our attention on a smooth strongly pseudoconvex domain D ⊆ C n . [20] ) Let D be a smooth strongly pseudoconvex domain in C n . Suppose that ϕ ∈ Hol(E, D) ∩ C k (E, D) with ϕ(∂E) ⊆ ∂D (k ≥ 2) and ϕ is a proper emdedding. Then for all λ ∈ ∂E, the function defined by
Lemma 2.2. (See
is a positive C k−1 function, where ρ denote the defining function of D, and
Definition 2.1. (See [20] ) With the assumptions above, we will denote by p ∈ C k−1 (∂E) the positive function defined by
With the help of function p, we introduce the dual map ϕ of ϕ as follows. [20] ) Let ϕ be a C k−1 function on ∂E defined by
Definition 2.2. (See
Definition 2.3. (See [20] ) A mapping ϕ is said to be stationary if ϕ is a smooth embedding of E into D, holomorphic on E such that ϕ(∂E) ⊆ ∂D and ϕ extends to a smooth mapping on E, holomorphic on E. [20] ) Let D be a smooth strongly pseudoconvex domain in C n . Suppose that ϕ :
Lemma 2.3. (See
Remark. Actually, under the assumption that ϕ is C ∞ on E, Lemma 2.3 holds for a smooth strongly pseudoconvex domain D, whether D is bounded or not.
Lemma 2.4. (See [8]) Assume that f ∈ H 1 (E) is a mapping such that
for almost λ ∈ ∂E. Then there exists a r > 0 and α ∈ E such that
In view of Lemma 2.1 it suffices to discuss the case when the Blaschke product of ϕ n+1 has at most a finite number of zeros, then under the assumption of finite zeros, we get the result as follows.
Lemma 2.5. Let ϕ = (ϕ 1 , . . . , ϕ n+1 ) : E → D n,1 be a K D n,1 -geodesic for (ϕ(0), ϕ ′ (0)), and assume that ϕ n+1 has at most a finite number of zeros. Then ϕ extends smoothly onto the closure E and ϕ(∂E) ⊆ ∂D n,1 .
Proof of Lemma 2.5. Now we only need to consider two cases, i.e., r n+1 = 0 and r n+1 = 1. Without loss of generality we can assume that ϕ(0) = (0, b), then we have α j = 0 for 1 ≤ j ≤ n.
When r n+1 = 1, we will prove that the denominators appearing in ϕ j will never be zero for λ ∈ ∂E. In fact, the denominators equal to 0 mean that
Combining with (4), we can get 1 + a n+1 α n+1 = λa n+1 (a n+1 α n+1 + 1).
If there exists λ 0 ∈ ∂E such that (15) holds, then it is easy to see
which implies that 1 + a n+1 α n+1 = 0, or |a n+1 | − 1 = 0.
If 1 + a n+1 α n+1 = 0, then α 0 = −a n+1 . Hence we have a j = 0 by (4) for 1 ≤ j ≤ n. This contradicts the fact a j ∈ C * . Similarly, if |a n+1 | − 1 = 0, we can also obtain a j = 0 for 1 ≤ j ≤ n. This is a contradiction. Hence for any λ ∈ ∂E, (15) will never hold. Now we consider the case r n+1 = 0. Then the denominators are equal to 0 if and only if
This means that 1 − a n+1 = a n+1 α n+1 λ(a n+1 − 1).
If there exists λ 0 ∈ ∂E such that (16) holds, then we have
Therefore we obtain a n+1 = 1, or |a n+1 α n+1 | = 1.
If a n+1 = 1, then (3) and (4) imply that α 0 = α n+1 and a j = 0 for 1 ≤ j ≤ n, a contradiction. If |a n+1 α n+1 | = 1, then we can also get a j = 0 for 1 ≤ j ≤ n. This is also a contradiction. In conclusion, the mapping ϕ can be extended smoothly onto E.
In the following, we will show that ϕ(∂E) ⊆ ∂D n,1 . Notice that |B(e iθ )| = 1 for B(λ) has at most a finite number of zeros. Together with the form ϕ j (λ) in (12) and A(λ) in (13), we conclude that ϕ(∂E) ⊆ ∂D n,1 . Now we will finish the proof for Theorem 1.3. Let ϕ = (ϕ 1 , . . . , ϕ n+1 ) : E → D n,1 be a K D n,1 -geodesic for (ϕ(0), ϕ ′ (0)), and by Lemma 2.1 we can assume that ϕ n+1 has at most a finite number of zeros. Then by Lemma 2.3 and 2.5, we conclude that ϕ is stationary. Therefore we have for 1 ≤ j ≤ n,
Then Lemma 2.4 implies that there exists a s j > 0 and γ j ∈ E (1 ≤ j ≤ n + 1) such that
It follows that ϕ j has at most one zero γ j in E. Therefore we get α j = γ j for 1 ≤ j ≤ n. Combining the above equations, then we have that for λ ∈ ∂E,
This yields that for λ ∈ ∂E,
If r n+1 = 1, it follows that
Similarly, if r n+1 = 0, then we have
This completes the proof for Theorem 1.3.
3 The Kobayashi pseudometric on D 1,1
In this section, we mainly compute the Kobayashi pseudometric on D n,m with n = m = 1. Because of the invariance of the Kobayashi pseudometric under the biholomorphic mappings, we just need to show the explicit form of Kobayashi pseudometric at ((0, b), (X, Y )). Firstly we assume that b > 0 and X = 0. Now we consider the mappings of the following forms
such that
where α 0 , α j , a j fulfill the relations (3) and (4).
In the sequel, we will compute ϕ(0) and ϕ ′ (0) case by case. Firstly, if ϕ is of the form (18), then we have
Direct computations imply that
by (3) and (4) . If ϕ is of the form (19), then we obtain
After a complicated computation, we have
by (3) and (4), where v = |Y | 2 |X| 2 and α ∈ (0, −2 ln b) is the solution of the following equation
If ϕ is of the form (20) , similar to the above arguments, we still have
If ϕ is of the form (21), analogously, we obtain
where v = |Y | 2 |X| 2 and α ∈ (0, −2 ln b) is the solution of the following equation
Therefore, in order to obtain the explicit form of Kobayashi pseudometric, we only need to compare (22) with (23) .
Proof of Theorem 1.6 . When b = 0, it is well known that K D 1,1 ((0, 0), (X, Y )) is Minkowski functional µ(X, Y ) with |Y | = 0 which is uniquely determined by
For the case X = 0, b = 0, we first notice the fact that
Hence we have
Then we prove (ii).
If v < 4b 2 , then the forms of ϕ(λ) is only (18) and (20) . Hence we have
If v ≥ 4b 2 , we should compare (22) with (23) . Let g(t) be a function on [0, −2 ln b] defined as follows.
It is not hard to see that
for b ∈ (0, 1). Furthermore, the derivative of g(t) can be computed explicitly as follow
Let φ(t) be defined by
Then we have φ The proof is complete.
be a holomorphic mapping and holomorphic at p with F (p) = q, where p = (0, 1) ∈ ∂D 1,1 and q = (0, . . . , 0; 1, 0, . . . , 0) ∈ ∂D n,m . In fact, since F is holomorphic at p, there exists a neighborhood V of p such that F is holomorphic in V . For any α ∈ T p (∂D This is, J F (p)α T ⊆ (T q (∂D n,m )) T .
Notice that for α ∈ T 
Thus, by (24), we have ∂h 1 ∂z (p) = 0.
On the other hand, define the holomorphic function g(ζ) := h 1 (ζp) : E → E (where E is the open unit disk). Thus g is holomorphic at ζ = 1 with g(1) = 1. Hence, by Theorem 1.7, we get
Together with (25) and (26), we see that the real number λ satisfies
Now we consider the vector β = (α, 0) ∈ T 1,0 p (∂D 1,1 ). It is well known that (see [23] ) 
